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p-cosmoi-CB.at first, some quasi
- categorical background )

Def A simplicialset
✗ is a quasi -category when

given any map
-1%13→✗ for Oci< n ,

there exists some cred)
lift

titis→✗

t
⇔

-
-

'¥



In a quasi - category , we may
think of 0-simplices

crevices as objects , I - simplices

:→b

as morphisms
from 9 to be and horn filling

gives
"composites

" which are
not unique,

but are
"

upto homotopy forgiven any

-111-2] →
✗ ,



*÷ .
a-g-

-→

7- an 4 filling
the horn ,

which we viewas

a
composite of gcndf

.

"homotopy
"
as Amartya explained

looks like

a 2-simplex

:¥:*:*



/ = is a degenerate 1-simplex?

In particular, if
✗ is a category, the nerve

NX is a quasi
-category with unique

horn filling
(higher horns

witness associativity.

We have several special
cases .

Notethat
Tn] = N in -14 ,

whereMH
'3%4+1

is the category?→?→ . .
-311-1, c. . .

.cn]



in particular
-
- To] is apoint , andamorphism

21=15113→✗ picks out amorphism
in✗

Lwe identity a category
with its nerve and

doit

write NC any
mares

we write II.
tonear the

"
free - loving

isomorphism! that is ,
the nerve of the

category £ Is .
-
-

±.

◦
,
I] .

n -

•

•

.



Definition A map fix-54 of simplicial

sets is an isofibration if whenever
we

havethe
following

commutative squares,
tree exists

some dotted
arrows making

the diagrams

commute
En]→ ✗

f. . . . - -
→ If Colin

)
-

¥ .

Din]→
¥



⇒☐→✗

f. . - -
-

-

-% ⇔

•~→•

#
'→Y

.

We denote isofib
rations by ,

two headed

arrows

Note that a
simplicial set✗ is a quasi

- category

Ii →✗
if and only

if the unique MAP
↓ .

.

→ µ
is an isofibration . #

'

→
*



DGM# 1black
box number 1

:

If ✗#4 is a map of simplicial
sets

,

and P→B a map of quasi
- categories,

then if pisan
iso
fibration and f- is amonomorphic,

the map Fdp is arisofibrahean

A"¥☒j→t✗/ Ptx

,¥j¥-¥ B+
.



The other maps marked with

→ can be seen to be
isofibratins

as special cases of tie
above. Forexample ,

to see
"→At is an isofib

ration

tale B=I.

A"-AAt
an,

pawing
✗ = ∅↳Y

t ↓
shows A

" is a
'

"

→a
quasi

-category .

A→A$=I



Definition A. functor
G- mapotssets) f :A→B

quasi -categories
is an equivalence

between

if there
exists a map g:B-1A , and

maps
CC
,
B making the

following diagrams

# Bpcommute A

* and B
#BI

a
# ¥0

ten
☒ ¥ B.



i.e. , this
:< the data

of being a quasi - inverse

for f and
natural isomorphisms witnessing

the inverse equivalence
.

We denote
equivalences by

~→
.

Det A map fi
A→B of simplicial

sets isa

triualfibration
if given

a commuting square,

there is a
dashed diagonal

map making
he

diagram
connate:



2151^3-3 A

1 .

-

- f

DED# B.
⇔

.

Wedenote toiuidfibnies by
.

[Stacks Projects : A map A
£-3B of Gets is

a trivial
fibration if

andonly it whenever
✗↳Y

isamanonorphism together with
"

✗ →A

commuting solid square
,
there is

a diagonal lift .
§ fg



Prof For a map of quasi
-categories fit

→B
,

TFAE

( it C-
is a
trivial fibration

(iil C- is
an iso

fibration and
an equivalence

( Iii) f- is
an
is ◦
fibration and

"

split fiber
homotopy equivalence,

"

a

i.e.,
tree is g:B→A

with fg- idp ,

and a natural isomorphism
Saffir ida

canposing with f to
the identity , i.e. ,



Ats
A

↑
.

.

.

-4 . -

-

-

-

-

-

-

"
⇒

tf
ATI⇒ A-⇒ B

↑

17 =
Constant homotopy.



Proof. Ii>⇒Cii)ÑÉ isclear that 9- is an

isofibration when it is a trivial
fibration

,

some check
Ciii) , which clearly

implies ciil.

We use the
reoranwphism

( left)

[is

☒→ A f
D.Ton

19 .

-

"

f

u
.

.

-

"

"

fg=idB ↑¥
B=B



to get a lift g such
that fg: 1B .

Now we can form
the diagram

A + A
A

f
u .

.

.

_

-

-

-

'

'
→

f

A-✗I⇒ A→ B



And again use lifting against
monomorpbisurs

to prove the
claim .

Ciii>⇒ Ciii is dear

Ciis⇒ cis
is hard *]§azBE ←Currentlya

☐

blackbox.



Proposition 1*0%-1 If f : A→Bisanisofibration of

quasi-categories
,
and if i :X↳Y is anon

on orphism

of simplicial sets , then
ifeither f- is a

trivial

fibration, or i is Mke
chess cellularly generated

by the inner
horn inclusions

him ↳ ☐In>
oc:<n

and the indusia
A-↳Ii ther tree

map iÑf is

Aditi
atrivial fibrationA"→Ñ→É✗ ↑In>If

ff* ¥5M]I☐!iÉÉ ↳
""

By ⇒at



Finally ,

Definition (
P -cosreoi

) Ano -cosmos 7C

is a quasi
-categorically

enriched category,

i.ec ,
a simplicial44

enriched category whose

Cran-sets are
all quasi

- categories, denoted
FolateB)

such that
72 has a

distinguished class

of morphisms
called isofibratiars

and

denoted →→
,
which are

closed under

composition andcontain
isomorphisms , such



that

◦ Fc has a
terminal object,

all small products,

pullbacks along
isofibratiars, inverse

limits

of countable
towers

of isofibrations ,
and

has simplicial •
tensors,

ice ,
to every simplicial

set×, and
ALBER , there

is anobject B✗tk

Such thatssetlkt-unCAIBD-F-unCA.BY,
as simplicial sets

.



• Is◦fibrations
arerequired tobeclosed

under pull
-backs

, products, inverse
limits

of towers, and
Leibniz cotensors

with

monomorphisms
of soup licia

/ sets . Additionally,

we ask
thatif fi A

→B is an iso
fibration .

ink, and ✗
is any object

of 2 ,

the

map Fun CX ,A)
→ Farc ✗BI is

an

isofibration ofquasi
- categories.

✗→± .



Now , webuadd unpack
these definitions a little

K is simplicially
enriched .

F- or all
AIBE 74 Fun

CAIB)• , which
is

in sset , such
that we have

distinguished

morphisms
Finca,A!

Fun
d)✗Franc

d-B)→ Fanatic)



Funk ,D) ✗(FarcBcd
✗FunCAIBII
↳

I
↳

( FMCG D) ✗
FmcBfHxFm

(AIB)

↳ ↳

FincaB)
= It

Finca (B)

Fun
CBCBI ✗ Fon

CA ,B)
⇒

#Faecal ,
B)



a-0 ,
FunCAiB- , gives errovdirary

category Ko
.

The
"underlying category

of %) _ For>CAIB)n asakura
-set from

A to B ,
this isgoing

to give
us a

category Ka
.

⇒ ok , Ko
.
.
- Kz E) U

✓



linnFinca,
Bn) → FarcArdian B),

simplicial co
tensor. If AEK ,

✗ is

a sinplieia set ,
we can

form he

simplicial coterie
AX

,

whichwe
want

to satisfyssetcxit-ucnCB.AD-TF-unCB.AM
we
want this to >e.functional

.



Set ( X , Set CY,
# Set ✗ × 's,Z)

I set CY,-2×1zx-setcxit.ssetctiYL.gs#DTn7Y!
I s

Definition we Gay that
a map

fiA→B

in an A-
cosmos K is

an equivalence

if Fml :X ,
A)→ FunCXIB)

is an
- equivalence

of quasi-categories ,
for ✗ c-K .



Fun (AIB) . Generally we call AEK

in an o
-cosmos K as -categories,

and

maps fi
A-→B of

W -categories are

called is - functors ,
or just functors

.

Examples
claim the

category
QC.at of quasi

-categories

forms an
A-cosmos .



Proof , FouCAiBl=: BA lssetttib)) , for

any simplicial set
A BA is a quasi-category,

so in particular
tnie gives quasi

-categorical

enrichment and
simplicial cotensors

.

ssetcx ,FmCAcBD⇒§etcX
,
SSEHABD

Isset.X✗A
,
B)

%Set (Asset
CXIBD

I Funca ,
B"✗?



litre]↳DTN
✗
Éᵈ

±
#I

¥
↓

(
⇒
→
→
⇒

↳
an → I



Cotensocs , products ✓

titis→ f- Aj

↓ .

.

-

'

⇒

-151^3
"

titis→ Aj

↓⇔ :
"

☐



Claim Cat , the category
of 1-categories ,

forms

an A
-cosmos

DIYA ?

Ii.tn] % ↓ )proof . "

¥-1
¥

→
→



At A+ _ ssetlx .NAL

↳

I .cat (
UGA) I NCatch✗iA . ☐

Kan the category
of Kan complex

lien] → A V-o.ci ≤a.

is
_
-

"

→

Ran→
Qcat -



Hanotopy2-cnteg
Given an o

-cosmos 2 , we
conform

the hÉega,
bk , which

has as objects , the
sameobjects

asink ,

and as morphisms, hFuf
) :=3(EUCACBD.

•

-

z-C.at#-sSet-Cata.~BnK
⇒
equine

"

K



Proposition For a functor
C- iA→B inan co

-cosmos

K,
TFAEI

Lil fig an
equivalence

inKeisei,
FouchA)

→Fanciest

is an equivalence
of quasi -categories

forall

✗c-K.

Iiit f- is anequivalence
in 4K ,

i.e.,
there is

inventive

gi B-3A ,
and iz-cells

(natural isomorphisms

cc: ida⇒gf , Bifg=idp
.



( iii ) f is an equivalence
internal to t.ie,

there is a
factor giB→A

in 2 ,

and finches making
making the diagrams

% Few
FF.eu

A AE and BIBI
→¥"☒

'¥"



proof . Cil -4 Cii
) Suppose f is anequivalence

ink
.

Claim If Yi
✗→2- is anequivalence

of

quasi- categories
,
then Yi 4×-142

is

an equivalence
of categories

µ,×,

poofrcoaf Claim
. Yi 2-→¢ Pero

✗ Feb
µ,
u
,±→hCxE

✗↳ ×
'

tea
# UCH.

✗e t.eu,
☐

+



So , we have
Funchal→ Farc ✗ id) is

anequivalence
of quasi - categories

forall

✗c-K ,
so upon passing

to homotopy categories,

hfcncx
,
Al → 4Fuk ✗B) is

an equivalence

of categories .

hFm(But
# hFunCB

(B) isan

equivalence, id, gEhFuuCBiA

Ig _~idB ,



HFUMCAIA)
hFunEAiBl

g£ 1- fgf
IS

IS 7-
⇐

ida
→ f.

(ii ) ⇒Ciii
) f , g:B

-1A , di #
→ hFua(AIA)

Ida
# 9£ .

→

II.



Fact An arrow I:X
-54 in a quasi

-category

is an isomorphism
- ifs

z→A

¥ .

.

"
"

☐

Z -7 Finca ,
A)

f. . _ 7

±¥¥É±aa*→



A
" A

a
÷
"

*
te"

A-

(iii)⇒ci? f
: AaB, gib

-5A

FMCXIA)
# Funk ,B7

# Enacts



Fml✗ , A
"= ) Isse.tl#-FnaaCXiAD=FcnCkut)FurCXiAS*/Pevo

A

"

us Fmcx .a)
→ Fact.AE

ten

¥-4 9*¥ FcucxiAs_
☐

f- A

→
B


