
2. 1 Factorization Systems

Del 2.1 A→ ✗
left lifting property if

.

.

-

^
L P

B → y

"
i has LLP Wrt p

"

"

i has LLP wrt a class af morphisms F
' '

↳ ✗ (F) is class of morphisms wt

LLP against F-

right lifting property

same diagram , but

' '

p has RLP wrt i
"

etc .

Dez!, , retract lx
" X is a

retract of U
' '

✗i→u
ex

- TT - F-

Non
ex

EI -
•

- E.I.



• morphisms can be viewed as retracts

in the category of morphisms

For a class of morphisms F in L ,

- stable under retracts

↳ retracts of things in F are in F

- stable under pushovers

✗ → × '

f- ↓ t.PH ↓ f
'

y → y
'

↳ f in F ⇒ f ' in F

= Stable under transfinite completion

• I
-

a well oraered set , initial element 0

• ✗ : I → 2

- functor St lim ✗ Lj ) representable
→

g- < i for all nonzero
i c- I

and

him ✗ Lj ) → ✗ Li)
→

jai
is in F



Stable under transfinite compositions
means

him ✗ Lil
→

i. c-I

exists and the canonical

✗ to) bin Hci)
→

itI

• saturated
↳ stable under • retracts

• pushout
• transfinite compositions

prop
2. , , 4

. . .
nice things happen if LLF) is saturated

prop Retract lemma .

2. 1.5
✗ = ×

× IT Lfit
e-↓ LP

1- → Y
Y = Y P

" f- has LLP Wrt p
"
f has RLP wrt i

⇒ 1- B a retract of p
"

⇒ f- is retract af i "



*Def A weak factorization system in E is two classes

2. 1.7
of morphisms LA ,

B) st

- A ,
B are stable under retracts

- A ⇐ LLB)

-

c-AL ? -
" LEB

'

→

-

any morphism in C factors through
A- and then B

✗→ y

c-A) eB

*Prop small object argument
2.1.9

If e is a category with mice properties
*

,

and - Ic Morte)
,t
then every morphism

f factors as

→

c- Cell LI) ERLI)

*
,
t : can relax condition *) but need to tighten

condition Lt)

cell LI) = transfinite compositions of pushovers
( think cell - complexes fun AT . .. )



Cor
2.1.10

A : small category
I : small set of morphisms of pre>heaves

over A

⇒ LILRLI)) ,
RLI) ) is a WFS in Â

.

2. , ,z

"

Compatibility of WFS 's w/ adjunctions
"

prop
"

compatible one way implies compatible
the other way too

"

L
F-

L
'

(adjunction )
a-

wtf ↑ WFS
A - -

- - - → (A)(B) ← - - - - - B
'

f-(A) CA
'

<⇒ GLB ' ) C B



2.2 Model categories
-

Def
2.2.1

A model category L is a locally small

category w/ 3 classes of morphisms

W - "

weak equivalences
"

Fib -
" libration "

Cofib - "

cofibreetiors
"

St

1
.
E has finite limits and Colin its

2 . N satisfies
"

2 out of 3
"

property
✗→ Y

1g
2-

3. Both
/ ( of , Fib n w )

( (of AW , Fib )
are WFS 's .

Fib n w -
" trivial / acyclic libration

"

Cofibnw -

"

trivial / acyclic cofib rations
"

✗ c- Objll ) is librant if ✗→ e is in Fib

↑
final object

similarly ,
is eofibrant it

→ ✗ is in Cofib

☒⇒ QX→✗ ↑ initial object



Rmk weakequiuall.nl# are really the care of .

the theory .

Fib / Cofib
.

are like tools that , when they
exist , can help us study WES -

Ex
zz ,,

Any appropriate category , taking W to

be isomorphisms

Ex Ñ for a small category A
2.2-5

W= all morphisms

Coftb = monomorpwis.ms

Ex Top , where
W= weak homotopy equivalence
Fib = Serre fibrations

Cofib = retract al relative cell

complexes

(naturally )
Prop The . following constructions preserve the model

2.2.6 Structure :

- e→ .eoP

- for ✗ c- Obj ( e) , E / ✗



We could ask how these 3 classes are

related .

- If a functor does something to one

class
,
do we know what it does

to the others ?

Prop Ken Brown 's lemma

2. 2,7

F : E - D

model ] [ has a class of
category weak equivalences

If Flcofibnw) c W (* )

⇒ 5- ( w ) c w

* In fact , if

F- Lcotibnw b.net#ibaM-obje-s) C W

⇒ FLW) e W

Def Let W be a class of morphisms in e-

2.2.8 Localization Cafe by W ) is a functor

8 :L → hole )

• Universal one that sends W to isomorphisms



Prop • There always exists a localization af €
2:29 by any class W

can
• We can strengthen the universal property : pick8 st

Milton /hotel , D) → ltomwll , D)

is not simply an equivalence
↑ functors sending
W to isomorphisms

af categories , . but an isomorphism .

Construction hole)
- Objects are same as I
- Morphisms are diagrams of the form

✗ ,
Xn

☆ I ' ' ' #
*Xo Xz Xn - i ✗ n*-- Y

where each arrow is in W or an isomorphism .

Xn

✗

✓
✗ '

→ ✗at
→

xn.it
ne d 5 µit t - t

-Xi
← → Kitty;xi

-

Basically pretending things in W are

invertible .



Fix a model category e.

ecotib ewDel
2.2.11

Cylinder
A µ A

(
IA Is A

-
(IA , IA )

-
I-

I / →_
- Is

(ocylinder / path object

⇐ fib

µ w ✗
I % ✗✗ ×

=÷
Left homotopy to ⇒< f , fo , f, : A→ ✗

A A

;→ *→
AHA if IATX → IA→ ×

ai ↑
A÷ A ¥

Lemma
2.2.12

7 belt homotopy ⇔ 7 right homotopy

¥ A- is colibrant , ✗ is fib rant



Lemma left Lrignt) homotopy is an equivalence relation .

2.2.13 ↳ A cotibrant ,

write
× /rbrant

[ A ;X ] = Home LA, X ) / ~

• Left homotopy is compatible w/ composition on

the left :

z -87 A
2. ↓

IA→ ×

a. ↑ A
2- g- A

i. . right homotopy compatible on the night

~> [ -
,
- ] : LIP × et → Set

Them
2.2.15 ho ( cc) ≈ hole) ( equivalence at categories)

holes) ≈ hole )

prop There is a natural extension of the functor
2.2.16

[- ,
-] : 29 x e , → Set

to

[- , -] : hole :P ) × hole , ) → Set



Then Recall
, for A- c- La and ✗ c- Lf ,

2.2.17
[ A ,X] := home (A) X ) / ←

I left homotopy

The claim is there is a bijection

[Aix] ≈ Hom
↳ (e)

(Aix)

- --
natural wt morphisms af hole :P ) x hole,) .

• morphisms in the first case are mod left

homotopy , and in the second case are mod

weak equivalences !

Car Define nl.ec , ) as the category with

2.2.18
- objects are <fibrant- cofibrant objects me
-

Homalea) (Aix) = [A , X]

Then

nlecf ) ≈ hole)

is a (canonical) equiv . af categories .

~,
holla ) = hole )
hole f) ± hole )

Tillet ) = hole)



" the relationship between objects in l and

weak equivalences is the same as

→ fibrartt objects and weak equivalences
between them

~> similarly fibrant objects

→ fibrant - cofibrart objects and left
homotopy

☐
*

Usn - i Dn = Sn

* Usn . . #



2.3 Derived functors

ittow compatible are functors with

localization ?
→

the tool for
"

approximating
"

functors
like this is Kan extensions

Def L - model category
2.3.1 8 :(→ hole) - localization

F:L→ D- ⇐

a functor

left derived functor

LF : hole) → D

together with
ax : LFLVIX ))→ FLX)

such that LF is a right Kan extension

along 8 .

Dually for right derived functors .

e F- D e F- D
"" ttb

hole)
RF

hole)

Q : Do these exist ?

↳ general theory on existence of
Kan extensions

what do they look like?



Consider the situation of Ken Brown 's lemma .

F-:(→ D

sends weak equivalences between cofibrant

Objects to isomorphisms .

By the universal property , 7 !

Fc : holed→ D

For each ✗ c- C
, pick

ai :QX¥sX ,
F(of

(which exists since 0→ ✗ must factor
as ② → QX→ × )

C- ( of C- Wh Fib

so this is a map e - ee
-

→ 7 ! functor Q : hole) → holed

Define LF :

LFLY ) = FCLQLY ))

(7 ! ) ax :(1=(81×7)→ FLX)

Prop In the above situation, LF is a left
2-3.3 derived functor af F.



Cor In the above situation
, for any functor

2.3.4
G :D → E-

the pair ( Gi • LF
,
Ga ) is a left derived

functor of GE .

E# D → E

-

→

r %
!, _ -

'

a.LF
hole)

Def total derived functors
2.3.5

E , L
'

- model categories
y , 8

' -

respective localizations

F - functor e. → e
'

If F preserves wntol , then

e F- e- Is hole ' )

satisfies Ken Brown conditions , so

IF
⇒ 7 ! hole)- hole

'

)

total left derived functor = deft derived functor
of F af 8'F

similarly get total right derived functor af F

hole) hole
' )



Prop (well behaved - ness of total derived functors
' '

2.3.6

H eF- e '

C "

both preserve oofibrant objects and Wn lol ,
then

hole) hole ' ) És hole " )

and

hole) hole
" )

are isomorphic on objects ✗ c- hole ) .

What do adjunctions look like an the

level of localization ?

↳ Are they still adjunctions ?

Def Quillen adjunctions
2.3.7

An adjunction between model categories

F:L = e
'
:&

that descends to an adjunction

LF : hotel -_ hole
' ) : RG



Thm If F
preserves lofibrutions , G preserves

libration , then (F) G) is a Quillen

adjunction .

↳ In the above situation )

Rmh ( " duality
"

of fibration / Ufobrothers across )
2.3.8

adjunctions

TFAE :
- (F) G) is a Quillen adjunction
- F preserves cofib . and Wncaf .

- G preserves fib . and Wn Fib

homotopy -

Why? Want to get analogs of useful functors .

.

Def Projective model structure Lon LI : -- HomLI , e)

If it exists , then F-→ G is a

fibration if Fi- Gi is a libration for
all i c-I .

These don't necessarily have to exist .

So
.
. . when do they exist ?



Ex I is a small
,
discrete category

Ex I ☐ free category generated by 0 → 1

HE.si ~> c-
I

is the arrow category of l

Ex L has small eolirmits

( prop I is small
,
well-ordered , initial object

2.3.13)

Ex A projective resolution of a drum complex Q

is a cofibrant resolution ⑦ → PQ- Q

Wrt the projective model structure on

chain complexes .

Why are these called projective
model ?
categories

- Whenever one exists ,

E- -_¥ e
tr

constant diagram

is a Qwillenadju-t.cn .



Prop suppose
2.3.15 • LI has proj . model structure

' l has I - indexed colimits

←E" t

f , × → yo
is cofibrant

and every

fi : Xi- Yi c- W ,

then

-

big X → limy c- W
.

I 7-

Lor Spefic cases of these
2.3.16 -

2.3.19



Def F - functor I- e

2.3.20 ✗ - object in L
XI - constant diagram I→ e

consider a cocaine Under F.

Fi → Fj
.

}
"

"

{ ↓
x

X is the homotopy colimit af F it the induced

( Leick )→ ✗
I

is an isomorphism .

- lime
.
e.
I
→ e

→

I

- Lei
;g

: hole
"
) → hole)



Ex

2.3.2,
These s¥mes coincide w/ ordinary colimits .

- If l has I- indexed colimits , has a

projective model structure
,

anvil F

is cofibrant , -then

try F
I

is the homotopy eoliruit of F-

Def
2.3.22

homotopy lolortesiun / homotopy pushout

✗→ ×
'

1-↓ Lf
'

Y → Y
'

where 4 '
is homotopy culinit of ye ✗ →×

'

Ex (another instance of regular and homotopy
Colin:B coinciding )

If a pushcart is between cofibrant objects ,
with cufibrations , then it is

also a homotopy
pwshowt .



Prop Any commutative square
2.3.26

× → ×
'

f f f. f '

y - Y
'

y

in which 2 , yew is homotopy Cocartesian
.

Car
2.3.2g

In the above Square , if it is co Cartesian
,

f- c- Lot , X and X ' cofibrant , then it is

homotopy co Cartesian .


